We study strongly correlated ground states of dipolar fermions in a honeycomb optical lattice with spatial variations in hopping amplitudes. Similar to a strained graphene, such nonuniform hopping amplitudes produce valley-dependent pseudomagnetic fields for fermions near the two Dirac points, resulting in the formation of Landau levels. The dipole moments polarized perpendicular to the honeycomb plane yield a long-range repulsive interaction. By exact diagonalization in the zerothLandau-level basis, we show that this repulsive interaction stabilizes a variety of valley-polarized fractional quantum Hall states such as Laughlin and composite-fermion states. The present system thus offers an intriguing platform for emulating fractional quantum Hall physics in a static optical lattice. We calculate the energy gaps above these incompressible states, and discuss the temperature scales required for their experimental realization.
I. INTRODUCTION
Fractional quantum Hall (FQH) effect [1, 2] , which was first discovered in GaAs/AlGaAs heterostructures [3] , is a remarkable manifestation of strong correlations between electrons. It arises from fractional filling of a massively degenerate Landau level in a high magnetic field, where the interaction effect is significantly enhanced. Consequently, the ground states are highly entangled in both real and momentum spaces, as exemplified by Laughlin wave functions [4] . FQH states are examples of topologically ordered states of matter with long-range entanglement, and exhibit anyonic excitations with fractional charge and statistics [5] . The statistics obeyed by anyons form a representation of the braid group, and can be nonAbelian. Possible non-Abelian anyons in the half-filled second Landau level [6] [7] [8] offer candidate building blocks for a fault-tolerant topological quantum computation [9] .
Since the realization of FQH states requires an extremely clean two-dimensional system with high mobility, their studies have been limited to silicon, III-V, and oxide heterostructures [3, 6, [10] [11] [12] and graphene [13, 14] . Laser-cooled atomic systems, which have unprecedented cleanness, can offer a new platform for the studies of FQH states [15, 16] . While a usual magnetic field does not produce a Lorentz force for neutral atoms, different methods of engineering synthetic magnetic fields that do produce such a force have been developed [17, 18] . Such methods include rotation [19] [20] [21] [22] and optical dressing [23] [24] [25] [26] [27] of atoms in continuum and laser-induced tunneling in optical lattices [28] [29] [30] [31] and synthetic dimensions [32] [33] [34] . On the theoretical side, a variety of FQH states have been predicted to appear in scalar Bose gases in synthetic magnetic fields, which include a bosonic Laughlin state [35] and non-Abelian Read-Rezayi states [22, 36, 37] . High controllability of ultracold atoms offers a potential advantage in the manipulation of non-Abelian excitations over solid-state devices.
While high synthetic magnetic fields have already been realized with the technique of laser-induced tunneling [28-31, 33, 34] , the Raman processes used in this technique involve heating of the system, which crucially limits the time scale of experiments. Recently, Tian, Endres, and Pekker [38] have proposed an interesting scheme that is free from this difficulty. Their theoretical proposal is inspired by the fact that in graphene [39] [40] [41] and molecular graphene [42] , nonuniform strain induces valley-dependent high pseudomagnetic fields for fermions near the two Dirac points [43] . The authors of Ref. [38] have proposed a method of generating spatially varying hopping amplitudes in a honeycomb optical lattice, which can mimic these systems. It is based on a simple configuration where three Gaussian laser beams intersect at 120
• but their centers are displaced from the center of the system. This scheme can realize quasiuniform high pseudomagnetic fields in a static optical lattice, and significantly enlarge the time scale of experiments.
It is interesting to ask what quantum phases emerge by loading interacting fermions in such a "strained" honeycomb optical lattice. For strained graphene, where electrons interact via a Coulomb interaction, the emergence of valley-polarized (fractional) quantum Hall states and valley-symmetric topological states has been discussed [44, 45] . For ultracold spin-1 2 fermionic atoms, the dominance of an intercomponent s-wave interaction is likely to lead to the spontaneous spin polarization; the resulting system is essentially noninteracting due to the absence of an intracomponent s-wave interaction, and cannot stabilize a topologically ordered state. By contrast, if the fermions possess large electric or magnetic dipole moments [46] , they interact via a long-range interaction even when the spin state is polarized. There has recently been a remarkable progress in the creation and manipulation of dipolar Fermi gases. Fermionic polar molecules such as 40 In this paper, we study strongly correlated ground states of dipolar fermions in a strained honeycomb optical lattice, which can be realized with the scheme of Ref. [38] . The dipole moments are taken to be polarized perpendicular to the honeycomb plane, yielding a long-range repulsive interaction. The low-energy effective theory of this system is given by interacting Dirac fermions near two valleys in mutually antiparallel magnetic fields. We simulate this theory by exact diagonalization (ED) in the zeroth-Landau-level (ZLL) basis in a spherical geometry. We find that there appear a variety of valley-polarized FQH states such as Laughlin [4] and composite-fermion states [56] [57] [58] of particles and holes. The present system thus offers an intriguing platform for emulating FQH physics in a static optical lattice. We calculate the energy gaps above these incompressible states, and discuss the temperature scales required for their experimental realization.
The rest of the paper is organized as follows. In Sec. II, we describe our system and explain how spatially varying hopping amplitudes in a honeycomb optical lattice generate pseudomagnetic fields. We then derive a low-energy effective theory of this system, which has the form of interacting two-species Dirac fermions in antiparallel magnetic fields. In Sec. III, we formulate the problem using the ZLL basis in the spherical geometry, which is useful in numerical analyses. In Sec. IV, we present our ED results. In particular, we perform an extensive search for FQH states, and calculate the energy gaps above these ground states. We discuss the possibility of realizing these states in a particular optical lattice setup. In Sec. V, we present a summary of this paper, and discuss an outlook for future studies. In Appendix A, we give details of the calculation of pseudopotentials.
II. DIPOLAR FERMIONS IN A STRAINED HONEYCOMB OPTICAL LATTICE
We consider a system of fermions loaded into a honeycomb optical lattice with an effective "strain" due to spatially varying hopping amplitudes. Each fermionic atom or molecule possesses a electric or magnetic dipole moment polarized perpendicular to the honeycomb plane, yielding a long-range dipole-dipole interaction V (r) = Cr −3 , where C is a constant. We review how spatially varying hopping amplitudes produce valley-dependent pseudomagnetic fields for fermions near the two Dirac points. We then introduce the continuum description of the system in terms of interacting two-species Dirac fermions in antiparallel magnetic fields.
The honeycomb lattice consists of two sublattices A and B. We introduce three vectors
which connect any A site to its three neighboring B sites. Here, a is the length of a nearest-neighbor bond, and e x and e y are the unit vectors along x and y directions, respectively. The triangular Bravais lattice is generated by the basis vectors a 1 = δ 1 − δ 2 and a 2 = δ 1 − δ 3 , and the area of the unit cell is A c = |a 1 × a 2 | = 3 √ 3a 2 /2. For a sufficiently deep optical lattice, the kinetic part H kin of the Hamiltonian is well described by a tightbinding model in a honeycomb lattice. We first consider a spatially uniform optical lattice with hopping amplitudes t j (> 0) along δ j (j = 1, 2, 3) [59] . In this case, H kin is given by
where c X (k) annihilates a fermion with wave vector k on the sublattice X(= A, B). When t 1 = t 2 = t 3 , the energy bands ±|f (k)| exhibit two Dirac cones at the two Brillouin zone corners K ξ = ξK = −ξ(4π/3 √ 3a)e x , where ξ = ± is the valley index. When t j 's are not equal, the Dirac points are shifted from K ξ . To see it, we set k = ξK + q and expand f (k) in terms of qa. Assuming t j ≈ t (j = 1, 2, 3), we find
where v F = 3ta/2 is the velocity of the Dirac fermions, and
As seen in Eq. (4), the two Dirac points shift in mutually opposite directions by the vectors ξA/ . When the Fermi level is close to the Dirac points, H kin can be effectively described at low energies by two-species massless Dirac fermions as
where ∆ is a high-wave-number cutoff, p = −i (∂ x , ∂ y ) is the momentum operator, and τ ξ = (ξσ x , σ y ) with (σ x , σ y , σ z ) being the Pauli matrices. When going from Eq. (6) to Eq. (7), we have performed replacements
and the Fourier transformation
The fermionic operator c(r) on the original lattice site r ∈ X(= A, B) is related to Ψ ξ (r) = t (Ψ ξ,A (r), Ψ ξ,B (r)) as
When the hopping amplitudes vary slowly in space, the shift ξA in the Dirac Hamiltonian (7) also varies spatially and plays a role of a pseudovector potential. Tian et al. [38] have proposed that such spatially varying hopping amplitudes t j (r) (j = 1, 2, 3) can be generated in a honeycomb optical lattice by starting from a standard configuration of three Gaussian laser beams intersecting at 120
• [60, 61] and displacing the centers of the beams from the center of the systems. The induced pseudovector potentials ξA(r) are shown to lead to quasiuniform pseudomagnetic fields ξB(r) = ξ[∂ x A y (r) − ∂ y A x (r)] for fermions near the two valleys. The mutually opposite signs of the pseudomagnetic fields for the two valleys come from the fact that the nonuniform hopping amplitudes do not break the time-reversal symmetry. We note that here time reversal is defined as the complex conjugation operator for polarized fermions (and does not involve a spin rotation).
Next we consider the interaction part of the Hamiltonian,
where n(r) = c † (r)c(r) is the number operator at the site r, and the colons : · : indicate the normal ordering. By performing replacement r = X=A,B r∈X → X d 2 r/A c and using Eq. (10), we obtain the effective interactions between Dirac fermions as
Here, valley-converting processes with ξ 1 = ξ 2 or η 1 = η 2 involve highly oscillating factors e ±2iK·r or e ±2iK·r , and can be neglected if the interaction V (r − r ) varies slowly over the scale of the lattice constant. In such a case, the interaction Hamiltonian can be recast into the sum of intra-valley and inter-valley density-density interactions as where
is the density operator for the valley ξ = ±.
At each valley K ξ , a spatially uniform pseudomagnetic field ξB leads to the formation of relativistic Landau levels [62, 63] 
Each level has the degeneracy N φ = A/2πl 2 B , where A is the area of the system. Below we consider the case when the Fermi level lies near the ZLL n = 0 and this level is partially populated as in Fig. 1 . When the interaction energy scale is much smaller than the Landau-level spacing
we can analyze the interaction Hamiltonian (13) within the restricted manifold spanned by the ZLL states. The number of fermions, N ξ , in the ZLL is independently conserved at each valley K ξ since H int does not involve inter-valley tunneling within our approximation in Eq. (13) . Exact diagonzalization calculation can thus be performed separately in each sector with fixed N ± . Similar to the case of graphene, we define the filling factor ν as
which ranges over −1 < ν < 1 in the present case. The case of ν = 0 corresponds to the half-filled ZLL. Because the particle-hole transformation relates the physics for ±|ν|, we focus on the case of −1 < ν < 0 (i.e., 0 < ν < 1).
III. SPHERICAL GEOMETRY
To analyze the interaction Hamiltonian (13) in the ZLL, it is useful to adopt the spherical geometry [64, 65] , which is uniform and has no edge. In Sec. III A, we review the relativistic Landau model on a sphere, which has been solved in Refs. [66, 67] . We describe the derivation of the single-particle eigenstates in the ZLL, based on an algebraic method formulated recently by Hasebe [68] . In Sec. III B, we construct Haldane's pseudopotentials [64] in the ZLL for a power-law-decaying interaction, with particular focus on the case of a dipole-dipole interaction.
A. Single-particle eigenstates
We consider two-species Dirac fermions labeled by the valley index ξ = ± and subject to antiparallel pseudomagnetic fields on a sphere. Each species has two pseudospin states, which correspond to the two sublattices of the honeycomb lattice. We introduce the polar coordinates (r, θ, φ) and the associated unit vectors e r , e θ , e φ . We place magnetic monopoles of valley-dependent integer charges ξN φ ≡ ξ(2S) (in units of flux quantum 2π ) at the center of the sphere. These monopoles produce uniform magnetic fields ξBe r on the sphere of radius R = l B √ S, where l B = /B is the magnetic length. The corresponding vector potentials in the Schwinger gauge are given by ξA(r), where
As an analogue of the Dirac Hamiltonian in Eq. (7), we consider the following single-particle Hamiltonian on a sphere:
where
is an analogue of the dynamical momentum for the relativistic problem, and τ ξ = (ξσ x , σ y , ξσ z ). Here, the last term in Eq. (18) originates from the spin connection [66] [67] [68] , and has the effect of modifying the monopole charge ξ(2S) by ξ(∓1). Using Eq. (16) and the representation of ∇ in the spherical coordinate, we obtain
(19) To reveal the algebraic aspect of the problem, it is useful to introduce the edth differential operators [69] [70] [71] 
and the orbital angular momentum operator
Here, L (S) is the generator of the spherical symmetry in the non-relativistic Landau problem on a sphere with a monopole charge 2S [64, 65] , and obeys the standard algebra of an angular momentum. Furthermore, the edth and angular momentum operators obey the following algebra:
Using the edth operators (20) , the Hamiltonian (17) is expressed simply as [68] 
Using Eqs. (22c) and (22d), one can show that the following total angular momentum operator J ξ commutes with H ξ :
The unsymmetric form of this operator for the two species arises from the effective shifts in the monopole charge due to the spin connection in Eq. (18) . Using Eqs (22a) and (22b), we find
from which we obtain the energy spectrum
The n-th level has the magnitude j = S − 1 2 + |n| of the angular momentum J ξ , and is (2j + 1)-fold degenerate. The sphere spectrum (26) coincides with the disc spectrum (14) when |n| S.
The single-particle eigenstates in the ZLL (n = 0) have the total angular momentum j = S − 1 2 ≡S, and are given by
for the valleys ξ = ±1, respectively. Here, m = −S, ...,S is the z component of total angular momentum, and r is constrained to the surface of the sphere (r = Re r ). We have also introduced the spinor coordinates
and their complex conjugate counterpartsū andv, where c and s are shorthand notations. The normalization factor NS m is calculated to be
Both the states in Eq. (27) are pseudospin-polarized, and the wave functions in the pseudospin-up component are the same as the eigenstates of the non-relativistic lowest Landau level with the monopole charge ξ(2S) [64, 65, 72] , except that R in the normalization of Eq. (27) is given by l B √ S rather than l B S . We note that the states (27) have average locations
(30) In particular, the m =S state is localized around the south (north) pole of the sphere for ξ = + (−). Such reversed locations between the two valley arise from the fact that the mutually antiparallel pseudomagnetic fields are induced around the two valleys.
B. Pseudopotentials
We consider the interaction Hamiltonian (13) within the restricted manifold spanned by the ZLL states (27) . In this restricted manifold, the interactions can be conveniently represented in terms of Haldane's pseudopotentials [64, 65] . We calculate the pseudopotentials for both the intra-and inter-valley interactions. Expressions of the pseudopotentials for a general interaction potential V (r) are derived in Appendix A. Here we calculate them for a power-law-decaying potential V (r) = Cr −α , in particular, for a dipole-dipole interaction with α = 3. We note that the calculation of the pseudopotentials goes basically in the same way as the non-relativistic case [64, 65] since the ZLL states (27) have essentially the same form as the lowest-Landau-level states in the non-relativistic case.
To introduce the pseudopotentials, we first note that because of the spherical symmetry, two-body eigenstates for a general interaction potential V (|r 1 − r 2 |) are constructed through the angular momentum coupling of Eq. (27) as
where S , m 1 ;S, m 2 |I, M is the Clebsch-Gordan coefficient and ξ, η = ±. Here, I and M are the magnitude and z-component, respectively, of the total angular momentum of the two particles. The pseudopotential V (ξ,η) I is defined as the eigenvalue of the interaction potential V (|r 1 − r 2 |) for the state (31) .
Since the interaction Hamiltonian (13) consists only of two-body scattering processes, we can decompose H (ξ,η) int in terms of the two-body eigenstates (31) as
Here, we have introduced the pair creation operator
where c
is the fermionic creation operator for the mth state (27) in the ZLL at the valley K ξ . For intravalley interactions (ξ, η) = (+, +) and (−, −), the sum in Eq. (32) is restricted to odd 2S − I because of the Fermi statistics. Remarkably, while the interaction Hamiltonian (13) is originally specified by the continuous function V (r), it is now represented by a finite number of parameters, {V (ξ,η) I
}.
As described in Appendix A, for a general interaction V (r), the pseudopotentials are obtained as
wherẽ
and
Below we calculate Eq. (34) for a power-law-decaying potential V (r) = Cr −α . We note that integrals in Eq. (35) diverge for some k owing to a short-distance singularity of V (r), and need a careful treatment.
We first consider the intra-valley interactions. For 4S− 2k + 1 − α > −1, i.e., k < 2S + 1 − α 2 , the integral in Eq. (35a) converges, and is calculated to bẽ
The integral in Eq. (35a) diverges otherwise. Here, the factorial x! for a real number x > 0 is defined via the Gamma function as x! = Γ(x + 1). For I < 2S + 1 − α 2 , the sum in Eq. (34) involves only convergent numbers, and is calculated to be (see Appendix A)
For a dipole-dipole interaction (α = 3), V (+,+) I diverges for I = 2S, but this does not correspond to an allowed scattering channel for fermions. Thus we can use Eq. (37) for all the allowed scattering channels for the intra-valley interactions. We note that for a Coulomb interaction (α = 1), Eq. (37) coincides with the result in the nonrelativistic case in Ref. [65] .
We next consider the inter-valley interactions. For 2k+
For k ≤ α 2 − 1, the integral in Eq. (35b) diverges, and we need to regularize it appropriately. A natural shortdistance cutoff for the interaction potential V (r) is given by the length a of a nearest-neighbor bond introduced in Eq. (1). Setting V (Rθ) = 0 for 0 ≤ θ ≤ a/R, we find
For a dipole-dipole interaction (α = 3), this cutoffdependence occurs for k = 0, which contributes to Eq. (34) for all 0 ≤ I ≤ 2S. For the experimental condition considered in Sec. IV C, we have a/l B ≈ 0.25. Here we use this ratio in evaluating Eq. (39) .
Setting 2S = 2S − 1 = 12, we plot the pseudopotentials for the intra-and inter-valley interactions in Fig. 2 . We first find that the inter-valley pseudopotentials have a far larger scale than the intra-valley ones. This comes (38) and (39) into Eq. (34) . For the intra-valley interactions, only the channels with odd (even) I are allowed for even (odd) 2S because of the Fermi statistics. The intra-valley pseudopotential with I = 2S = 12 is not shown because it diverges, but in any case does not correspond to an allowed channel for fermions.
from the diverging contribution of the short-distance part of V (r) as found in Eq. (39), and causes a spontaneous valley-polarization as we discuss later in Sec. IV A. We further find that the intra-and inter-valley pseudopotentials depend differently on I: the former (latter) monotonically increases (decreases) with increasing I. This can be understood as follows. Equation (30) indicates that a particle having an average angular momentum J ξ is localized in the direction of −ξ J ξ on the sphere. Thus, an intra-valley (inter-valley) repulsive interaction on the sphere implies an "antiferromagnetic" ("ferromagnetic") interaction between the angular momenta of the two particles, resulting in a larger energy cost for larger (smaller) I.
IV. NUMERICAL INVESTIGATION OF FRACTIONAL QUANTUM HALL STATES
We consider the situation in which the ZLL is partially populated as in Fig. 1 , and numerically investigate the FQH states stabilized by a dipole-dipole interaction. We have performed ED calculations for the interaction Hamiltonian (13) on a spherical geometry, using the pseudopotential representation as described in Sec III B. We demonstrate that owing to the strong inter-valley pseudopotentials, the ground state is spontaneously fully valley-polarized for an arbitrary filling factor. We then carry out an extensive search for incompressible states in the valley-polarized case, and find that a variety of FQH states such as Laughlin and composite-fermion states are stabilized. We estimate the energy gaps above these states, and discuss the possibility of realizing these states in experiments.
When specifying the filling factor in this section, we use ν rather than ν in Eq. (15) since the former corresponds directly to the filling factor in the non-relativistic case. As mentioned at the end of Sec. II, we focus on the case of 0 < ν < 1 (i.e., −1 < ν < 0).
We note that Ref. [44] has analyzed strongly correlated phases in strained graphene through ED of a lattice model in a torus geometry. Compared to their work, our approach based on a continuum theory on a sphere can significantly simplify the search for candidate incompressible states through the use of the total angular momentum of the ground state as we demonstrate in Sec. IV B. Furthermore, there is no topological degeneracy of the ground state on a sphere, which simplifies also the analysis of the gap above the ground state. Meanwhile, our approach is not suitable in treating shortdistance details of interactions on a lattice as in Ref. [44] .
A. Valley-polarization
We first demonstrate that the ground state is spontaneously fully valley-polarized for an arbitrary filling factor. Figure 3 presents the dependence of the ground-state energy on the population imbalance N + −N − between the two valleys, for each fixed value of N = N + +N − . We find that for each N , the lowest-energy state is found for the fully imbalanced case N + − N − = N . This indicates that the ground state is spontaneously fully valley-polarized. This occurs for all values of the monopole charge 2S that we have investigated. This can be understood from the enhanced role of inter-valley interactions as found in the behavior of the pseudopotentials in Fig. 2 . We note that a similar behavior has been discussed as a phase separation instability in Ref. [73] .
B. Numerical search for FQH states
Focusing on the fully valley-polarized sector with (N + , N − ) = (N, 0), we have carried out an extensive search for incompressible ground states in the (2S, N ) plane as shown in Fig. 4 . We note that ED in this sector is insensitive to the choice of the short-distance cutoff since the intra-valley pseudopotentials V does depend on the cutoff, but does not correspond to an allowed scattering channel for fermions). Furthermore, in this sector, the results are symmetric around ν = 1/2 because the particle-hole transformation relates the filling factors ν and 1 − ν. I. FQH states with 0 < ν < 1/2 that can be identified in Fig. 4 . Each state has the characteristic filling factor ν and shift δ. For each state in the table, at least three filled circles are found to be on the line with (40) in Fig. 4 Because of the spherical symmetry, the total angular momentum, which is defined as the sum of the J ξ operator in Eq. (24) over all the particles, commutes with the Hamiltonian. ED calculation can thus be performed separately for different values of the magnitude J of the total angular momentum. Incompressible states in general appear as the unique ground states with J = 0, which are indicated by filled circles in Fig. 4 . The area of each filled circle is proportional to the neutral gap, which is defined as the excitation gap for fixed (2S, N + , N − ).
In the thermodynamic limit, the filling factor is given by ν = N/(2S) = N/(2S + 1). However, for incompressible states on a finite sphere, the relation between N and 2S involves a characteristic shift δ [74] :
where δ depends on an individual candidate wave function. For example, the Laughlin state at ν = 1/(2p + 1) has the shift δ = 2p + 1. The relation (40) can be used to identify different FQH states. FQH states with 0 < ν < 1/2 that can be identified in Fig. 4 are summarized in Table I . All the states can be interpreted as integer quantum Hall states of composite fermions [56] [57] [58] , which have the following filling factor and shift:
These states include the Laughlin states (n = 1) [4] and Jain's principal sequence (p = 1) as the special cases. We note that the counterparts of the states in Table I under the particle-hole transformation, which have the filling factors ν = 3/5, 2/3, etc., are also seen in Fig. 4 . We note that the appearance of the Laughlin state at the 1/3 filling for dipolar fermions has also been discussed in Refs. [75] [76] [77] . Among the FQH states listed in Table I , the most prominent gaps are found for the principal sequence ν = n/(2n + 1) with n = 1, 2. In order to discuss the experimental realizability of these states, we estimate the excitation gaps above the ground states in the thermodynamic limit. In Fig. 5 , we plot the ED data of the neutral excitation gap as a function of 1/N . For the ν = 1/3 state, we fit the data with a quadratic function as was done for non-relativistic fermions interacting via a Coulomb interaction [65] ; for the ν = 2/5 state, we perform a simple linear fit since the dependence of the data on N is less smooth. The fits give the following results:
In order for ∆ ν=1/3 ≡ ∆ (∞) ν=1/3 to be the lowest excitation energy above the ground state, it must be smaller than the excitation energies to the non-fully-valley-polarized sectors. Figure 3 indicates that this is true. For N = 5, which corresponds to the ν = 1/3 FQH state, the gap to the sector with (N + , N − ) = (N − 1, 1) is given by δE 0.103(C/l 3 B ); this is slightly larger than ∆ ν=1/3 , and should be at least comparable to it even if it is extrapolated to the thermodynamic limit.
We note that using trial wave functions, Ref. [76] has estimated the quasihole excitation energy of the Laughlin state at the 1/3 filling to be (0.0132±0.0020)C/l 3 B , which is several times smaller than ∆ ν=1/3 . Meanwhile, a natural excitation from the ground state is a "quasiexciton" pair of a quasihole and a quasiparticle [74] . The neutral excitation gap estimated in Eq. (42a) can be interpreted as the lowest excitation energy of such a pair. We thus expect that the properties of the Laughlin ground state can be observed if the temperature is below the scale of ∆ ν=1/3 .
For the other FQH states listed in Table I , we do not have a sufficient number of finite-size data to make a reliable extrapolation of the excitation gap to the thermodynamic limit. Yet, we find that as we decrease ν, the gap tends to decrease more rapidly than the case of a Coulomb interaction: for example, the ratio ∆ ν=1/5 /∆ ν=1/3 is around 0.05 and 0.2 [65] for the dipoledipole and Coulomb cases, respectively (we have used the N = 6 value to estimate ∆ ν=1/5 in the former). This can be understood from the behavior of the pseudopotential in Fig. 2 . The intra-valley pseudopotential decreases more rapidly than the Coulomb case as I decreases, which reflects the fact that a dipole-dipole interaction decays more rapidly for long distances. Specifically, using Eq. (37), we find limS →∞ V (+,+) 2S−3 /V (+,+) 2S−1 = 1/8 and 5/8 for α = 3 and 1, respectively, which is expected to be the main origin of the reduced gap ratio ∆ ν=1/5 /∆ ν=1/3 in the former case. We note that at sufficiently low filling factors ν, the gap would close, leading to the formation of the Wigner crystal [78] . The stability of the Wigner crystal for ν < 1/7 has been discussed in Ref. [79] . A more detailed analysis of the competition with the Wigner crystal is beyond the scope of the present paper.
We have also calculated the pair distribution function for the ν = 1/3 state; see Fig. 6 . For a uniform system of area A, it is defined as
where {r i } are the positions of N fermions and the expectation value is taken with respect to the ground state. Because of the spherical symmetry, this function does not depend on the direction of r and thus G(r) = G(r), where r is the chord distance of r. For ν = 1/3, a very good approximation to the ground state is given by the Laughlin wave function [4, 64] 
In this wave function, the pair distribution function obeys a power-law dependence G(r) ∝ r 6 as r → 0. This suppression of G(r) for small r marks the effect of a repulsive interaction, and can also be found in the numerical data in Fig. 6 . As we increase r, the numerical data show a hump around r/l B = 4, and gradually approach unity, which corresponds to the uncorrelated case. We thus estimate the correlation length to be around 4l B .
C. Experimental realization
Here we evaluate the energy gap ∆ ν=1/3 for some experimentally relevant situations. We first note that the displacement of the Dirac cones in Eq. (4) is at most the size of the Brillouin zone: |A(r)|/ 1/a. Thus the pseudomagnetic field B/ = 1/l 2 B obtained from the rotation of A(r)/ is at most of the order of 1/(R 0 a) in a sample of radius R 0 . Through a more detailed analysis [38] , the maximum pseudomagnetic field is estimated to be B/ = 2.7/(R 0 λ), where λ = (3 √ 3/2)a is the wavelength of the lasers used to create the honeycomb optical lattice. In this case, the gap can be expressed as
(45) To achieve a larger gap, it is advantageous to reduce the ratio R 0 /l B . Meanwhile, the sample radius R 0 should be larger than the correlation length 4l B estimated from For concreteness, let us consider 23 Na 40 K fermionic polar molecules, for which a large electric dipole moment of d = 0.8 Debye has been achieved [51, 52] . The coefficient of the dipole-dipole interaction is given by C = d 2 /(4π 0 ), where 0 is the vacuum permitivity. For λ = 500 nm and R 0 /l B = 4 [80] , the gap is estimated to be ∆ ν=1/3 k B × 0.89 nK. Since this value is still smaller than the typical temperature scale of ultracold atom experiments, we propose to use the recently proposed methods of subwavelength lattices [81] [82] [83] [84] . In this technique, one can create an optical lattice whose spacing is reduced by a factor of an integer N [83] . If we decrease the sample radius R 0 by a factor of N at the same time by tightening the trap potential, we can keep the ratio R 0 /l B unchanged. In this case, Eq. (45) indicates that the gap can be enhanced by a factor of N 3 . If we take N = 4, for example, the gap is lifted to about 57 nK, which is in a reasonable range for experimental observation. In view of the rapid development in the creation and manipulation of polar molecules, molecules with a larger electric dipole moment are likely to be achieved, which would provide another route to a larger gap. If FQH states are realized, they can be probed via density plateaus in an in situ image of the trapped atoms, as proposed for integer quantum valley Hall states in Ref. [38] .
Finally, we comment on the case of magnetic dipolar atoms. To be specific, let us consider 161 Dy atoms, for which Fermi degeneracy has been achieved [53] . These atoms have a large magnetic dipole moment of d = 10µ B , where µ B is the Bohr magneton. The coefficient for the dipole-dipole interaction is given by C = µ 0 d 2 /(4π), where µ 0 is the vacuum permeability. Comparing this coefficient with that for polar molecules considered above, we find C( 161 Dy)/C( 23 Na 40 K) ≈ 0.013. Therefore, the excitation gap is two orders of magnitude smaller than the case of polar molecules.
V. SUMMARY AND OUTLOOK
We have studied strongly correlated ground states of dipolar fermions in a honeycomb optical lattice with an effective strain due to spatially varying hopping amplitudes. The low-energy effective theory of this system is given by interacting Dirac fermions near two valleys in mutually antiparallel magnetic fields. We have simulated this theory by ED in the ZLL basis in a spherical geometry. In this basis, the interaction Hamiltonian can be conveniently represented in terms of pseudopotentials. We have shown that owing to the enhanced inter-valley pseudopotentials, the ground state is fully valley-polarized for all the filling factors. We have then carried out an extensive search for FQH states in the fully valley-polarized sector, and have found signatures of several FQH states which include Laughlin and composite-fermion states of particles and holes. The present system can thus emulate FQH physics in a static optical lattice. We have calculated the energy gaps above these incompressible states, and discussed the temperature scales required for their experimental realization. We have shown that by using the methods of subwavelength optical lattices, we can obtain a reasonable gap for observation. We note that the use of Rydberg atoms, which have a large dipole moment and strongly interact through enhanced van der Waals force [85] [86] [87] , may further enhance the energy gap.
It is interesting to compare the present system with the pseudospin-1 2 Bose gas in antiparallel fields as studied in Ref. [72] . In Ref. [72] (see also Ref. [88] ), it was found that fractional quantum spin Hall states composed of a pair of nearly independent quantum Hall states are remarkably robust and persist even when the intercomponent s-wave scattering is comparable with the intracomponent one. In the present study, we have found that the dipole-dipole interactions of equal magnitudes within each valley and between the valleys lead to fully valley-polarized ground states. This difference from the bosonic case can be understood from the reduced effect of intra-valley interactions due to the prohibition of the scattering channel with I = 2S for fermions.
In the present work, we have focused on the case of partially filled ZLL as in Fig. 1 . By changing the density of the system, one can tune the chemical potential to higher Landau levels with n = ±1, ±2, ..., and investigate the FQH states realized in those Landau levels. It would be interesting to explore the possibility of a nonAbelian quantum Hall state as in the case of half-filled second Landau level in GaAs heterostructures [6] [7] [8] . The realization of a non-Abelian state in a highly controlled setting of ultracold atoms would offer a step toward a fault-torelant topological quantum computation [9] . Here we describe some details of the calculation of the pseudopotentials presented in Sec. III B. We essentially follow the method in Ref. [65] .
We fist derive Eq. (34), which is an expression of the pseudopotentials for a general interaction potential V (r). As described in Sec. III B, the pseudopotential V (ξ,η) I is defined as the eigenvalue of the interaction potential V (|r 1 − r 2 |) for the two-body state (31) . Since it does not depend on M , it is sufficient to calculate it using the highest-weight state with M = I: , we can focus on the cases of (ξ, η) = (−, −) and (+, −). Using Eqs. (27) and (A2), the two-body eigenstates (31) 
where the normalization factor MS I is given by , (A4) and we have introduced the spinor coordinates (u i , v i ) for r i (i = 1, 2) as in Eq. (28) .
We calculate the pseudopotentials (A1) for the intravalley interaction. Substituting Eq. (A3a) into Eq. (A1), we have
where integrations are taken over solid angles Ω i formed by r i (i = 1, 2). We perform the following unitary transformation for the spinor coordinates of the second particle: 
where C(I, k) is the binomial coefficient. Therefore, the intra-valley pseudopotentials are calculated as 
which gives Eq. (34) for (ξ, η) = (−, −). 
